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Wilson lines are key objects in many QCD calculations. They are parallel transporters of
the gauge field that can be used to render non-local operator products gauge invariant,
which is especially useful for calculations concerning validation of factorization schemes
and in calculations for constructing or modelling parton density functions. We develop an
algorithm to express Wilson lines that are defined on piecewise linear paths in function
of their Wilson segments, reducing the number of diagrams needed to be calculated. We
show how different linear path topologies can be related using their color structure. This
framework allows one to easily switch results between different Wilson line structures,
which is helpful when testing different structures against each other, e.g. when checking
universality properties of non-perturbative objects.
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1. Introduction
A general Wilson line is an exponential of gauge fields along a path C, defined as:
U = P eig
∫
C dz
µ Aµ(z) . (1)
Because the gauge fields are non-Abelian, i.e. Aµ = t
aAaµ where t
a is a generator of
a Lie algebra, they have to be path ordered, denoted by the symbol P in (1). The
fields are ordered such that the fields first on the path are written leftmost. After
making a Fourier transform, the path content is fully described by the following
integrals:
In =
1
n!
P
∫
dλ1 · · · dλn (zµ11 )′ · · · (zµnn )′ ei
n∏
ki·zi , (2)
so that the n-th order term of the Wilson line expansion is given by
Un = (ig)n
∫
dωk1
(2pi)
ω · · ·
dωkn
(2pi)
ω Aµn(−kn)· · ·Aµ1(−k1) In . (3)
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Figure 1. n-gluon radiation for a Wilson line going from aµ to +∞.
An important property is its gauge transform, only dependent on its endpoints aµ
and bµ:
U(b ; a) → eigα(b) U(b ; a) e−igα(a) . (4)
This property is used to give a gauge invariant operator definition for transverse
momentum dependent parton density functions. As the gauge transformation of the
Wilson line only depends on its endpoints, there is some freedom on the choice of
the path. The correct path can then be constructed by identifying the appropriate
gluon radiation for the given process.1–17
In the so-called eikonal approximation, a moving quark is considered to emit
only soft and collinear radiation, which can be resummed into a Wilson line. One
case where we could use the eikonal approximation, is for a quark in a dense medium
(see e.g. Refs. [18] and [19] where in the latter the medium is reduced to a shock-
wave). Other applications of Wilson lines include the calculation of soft factors20–23,
the study of jet quenching24, a recast of QCD in loop space where the geometric
evolution of rectangular loops can be related to its energy evolution25–29, etc.
2. Linear Path Segments
We start our calculations by quickly reviewing the calculation of one linear segment,
which we will extend in Sec. 4 to a set of linear segments. For every segment there
exist four possible path structures: it can be a finite segment connecting two points,
it can be a semi-infinite line connecting ±∞ to a point rµ, or it can be a fully
infinite line connecting −∞ and +∞. In this paper we won’t consider the last case.
We start by considering a line from a point aµ to +∞, along a direction nˆµ:
zµ = aµ + λ nˆµ λ = 0 . . .∞ . (5)
Using (2), it is straightforward to calculate the segment integrals:
I l.b.n = nˆ
µ1 · · · nˆµn e
ia·∑
j
kj
n∏
j=1
i
nˆ·
n∑
l=j
kl + iη
. (6)
The iη are convergence terms added to regularize the exponent. As an illustration,
the resulting n-th order diagram is drawn in Fig. 1.
Next we investigate a path that starts at −∞ and goes up to a point bµ:
zµ = bµ + nˆµ λ λ = −∞ . . . 0 . (7)
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The resulting path integral is almost the same as before:
Iu.b.n = nˆ
µ1 · · · nˆµn e
ib·∑
j
kj
n∏
j=1
−i
nˆ·
j∑
l=1
kl − iη
, (8)
which differs from (6) only in the accumulation of momenta in the denominators
(and the sign of the convergence terms). Also note that reversing the path flow is
the same as taking the Hermitian conjugate.30
We now introduce a shorthand notation to denote the path structure for a Wilson
line segment. We represent the two structures we already calculated as:
U(+∞ ; a) N= , (9a)
U(b ;−∞) N= . (9b)
Path reversing equals changing the type and flipping nˆ.30 We represent this as:
U(a ; +∞) = U(a ;−∞)
∣∣∣
nˆ→−nˆ
N
= , (10a)
U(−∞ ; b) = U(+∞ ; b)
∣∣∣
nˆ→−nˆ
N
= . (10b)
A nice feature of this notation is that we get a symbolic “mirror relation”:
( )
†
= , ( )
†
= .
Next we investigate a Wilson line on a finite path:
zµ = aµ + nˆµλ λ = 0 . . . ‖b− a‖ . (11)
Dropping the factor in front of the integral, we find a recursion relation:
Ifinn (k1,...,kn) =
i
nˆ·k1
(
Ifin.n−1(k1+k2,...,kn)− Ifin.n−1(k2,...,kn)
)
(12)
which we can solve exactly by careful inspection (reintroducing the factor in front):
Ifin.n = nˆ
µ1 · · · nˆµn
n∑
m=0
 m∏
j=1
i eia·kj
nˆ·
m∑
l=j
kl


n∏
j=m+1
−i eib·kj
nˆ·
j∑
l=m+1
kl
 . (13)
This kind of chained sum can in general be rewritten as a product of two infinite
sums. Hence we can transform equation (13) into a product of two semi-infinite
lines:
U(b ; a) = U†(+∞ ; b) U(+∞ ; a) = U(b ;−∞) U†(a ;−∞), (14)
which can be illustrated schematically as:
= ⊗ = ⊗ ( )† . (15)
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3. Relating Different Path Topologies
We can relate all six path structures to each other. If we choose
, (16)
as basic structures, we can express the remaining four as:
=
∣∣
nˆ→−nˆ , =
∣∣
nˆ→−nˆ ,
aµ bµ = aµ ⊗ bµ , aµ bµ = bµ ⊗ aµ .
The two basic structures aren’t fully independent either, as they are related by a
sign difference and an interchange of momentum indices:
= (−)n ∣∣
(k1,...,kn)→(kn,...,k1) . (17)
We can use this relation when connecting a Wilson line to a blob, e.g.
. . .
F
= (ig)
n
tan · · · ta1
∫
Dk I l.b.n F a1···anµ1···µn (k1, . . . , kn) .
This blob can be constructed from any combination of Feynman diagrams, but
cannot contain other Wilson lines. We absorb the gluon propagators into the blob
F a1···anµ1···µn , and always define the blob as the sum of all possible crossings; it is thus
symmetric under the simultaneous interchange of Lorentz, color, and momentum
indices. Because every Lorentz index of F is contracted with the same vector nˆµ,
it is automatically symmetric in these. This leads to the fact that an interchange
of momentum variables is equivalent to an interchange of the corresponding color
indices. It makes it straightforward to relate the two basic structures:
. . .
F
= (−)n . . .
F
∣∣∣∣∣
(a1,...,an)→(an,...,a1)
. (18)
Often the blob has a factorable color structure, i.e.
F a1···anµ1···µn (k1, . . . , kn) = C
a1···anFµ1···µn(k1, . . . , kn) . (19)
If we then define the following notations:
C = tan · · · ta1Ca1···an , C = tan · · · ta1Can···a1 , (20)
we can simply write
. . .
F
= C
. . .
F
⇒ . . .
F
= (−)n C . . .
F
. (21)
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The wavy lines maybe resemble photon lines, but are just a reminder that there is
no color structure left in the blob. Of course, a lot of blob structures won’t be color
factorable, but we can always write these as a sum of factorable terms:
F a1···anµ1···µn (k1, . . . , kn) =
∑
i
Ca1···ani Fi µ1···µn(k1, . . . , kn) ,
such that we can repeat the same procedure as before.
4. Piecewise Linear Wilson Lines
When connecting an n-gluon blob to a piecewise Wilson line, the n gluons aren’t
necessarily all connected to the same segment, but can be divided among several
segments. When connecting e.g. a 4-gluon blob, we need to calculate exactly 5
diagrams (independent on the number of segments M). These diagrams are:
UJ4 , UJ3 UK1 , UJ2 UK2 , UJ2 UK1 UL1 , and UJ1 UK1 UL1 UO1 .
They are the easiest represented schematically:
F F F
F F (22)
To calculate diagrams with different path structures (as defined in (16)), we can
use the same trick as in the end of the former section, viz. a sign change and an
interchange of the corresponding color indices. For instance:
F
= (−)2
F
∣∣
a3↔a4
.
The easiest way to implement this, is to define a path function Φ per diagram for
a given blob, that gives the color structure in function of the path type. For the
leading order 2 gluon blob, this is straightforward:
: Φ(J) = CF , (23a)
: Φ(J,K) = (−)φJ+φKCF , (23b)
where φJ represents the structure of the segment:
φJ =
{
0 J =
1 J =
. (24)
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Keep in mind that in our original definition of the Wilson line (1), color indices are
not yet traced, hence equations (23) should still be multiplied with a unit matrix.
For non-factorable blobs we use the same trick as before, by giving Φ an extra index
to identify the sub diagram it belongs to.
Let us introduce a new notation, to indicate a full diagram but without the
color content, in which a blob is connected to m Wilson line segments with ni
gluons connected to the i-th segment:
WJm···J1nm···n1 . (25)
We will write the indices from right to left for convenience. Returning to the 4-gluon
blob, we can now write the full result for a factorable blob, carefully summing the
sub-diagrams to keep path-ordering30:
U4 =
M∑
J
Φ4WJ4 +
M∑
J=2
J−1∑
K=1
[
Φ3 1WJK3 1 + Φ2 2WJK2 2
]
+
M∑
J=3
J−1∑
K=2
K−1∑
L=1
Φ2 1 1WJKL2 1 1
+
M∑
J=4
J−1∑
K=3
K−1∑
L=2
L−1∑
O=1
Φ1 1 1 1WJKLO1 1 1 1 + symm. (26)
The diagrams Φ1 3WJK1 3 , Φ1 2 1WJKL1 2 1 , and Φ1 1 2WJKL1 1 2 which occur after sym-
metrization, are calculated using plain substitution, interchanging also the φJ . For
a non-factorable blob, every term is just replaced by a sum over sub diagrams. It is
important to realise that both the Φni··· andWni··· can be calculated independently
of the path structure, giving a result depending on nJ , rJ and φJ , which can easily
be ported to different path structures.
So far we have only calculated amplitudes of Wilson line diagrams. In QCD
calculations, it is common to calculate probabilities directly, by using cut diagrams.
This framework can easily be adapted to allow for this kind of calculations, splitting
the sum in (26) into three distinct sectors: a sector where the blob is only connecting
segments left of the cut, a sector where the blob is only connecting segments right
of the cut, and a sector where the blob is connecting segments both left and right
of the cut. In other words:
U = Uleft + Ucut + Uright. (27)
For the left and right sectors nothing changes, the calculations go as before. For the
example of the 4-gluon blob, the first sector U4left is almost exactly equal to (26),
but the sums run up only to Mc, the number of segments before the cut, instead
of M . The last sector U4right is simply the hermitian conjugate of this, starting at
Mc+1. For the remaining sector Wcut we expand our set of basic diagrams, adding
diagrams where the Wilson line is connected to a cut blob. Several possible cut
blobs might exist for one blob, depending on the number of gluons to the left and
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right of the cut. E.g. the leading order 4-gluon cut blobs are given by
= + cross., (28a)
= + + cross., (28b)
where the crossings are to be made on the sides of the cut separately. When the cut
blob is more complex, it should be summed over all possible cut locations.
5. Example Calculation
Let us recapitulate our framework with a small example, viz. the LO 2-gluon blob.
At any order, there are 3 possible 2-gluon diagrams:
(29)
At NLO the blob is just an LO gluon propagator (here given in Feynman gauge):
F = −i(2pi)ω δ(k1 + k2) δab 1
k21 + iε
gµ1µ2 , (30)
and the cut blob is just a radiated gluon that is integrated over:
F = −(2pi)ω+1 δ(k1 + k2) δab θ
(
k+1
)
δ
(
k21
)
gµν . (31)
The color factors are given by (23). We show here the result for the second diagram
at rJ = rK . If both segments are on-LC, the result is:
WJK1 1
∣∣
LC
=
αs
2pi
(
1
2
+
pi2
3
)(
nK ·nJ
2
µ2
η2
)
. (32)
If both segments are off-LC, the result can be expressed in function of the angle χ:
coshχ =
nK · nJ
|nK | |nJ | . (33)
For simplicity we normalize the directions, i.e. |nK | = |nJ |. This gives:
WJK1 1
∣∣
LC
=
αs
2pi
χcothχ
(
1

+ Υ
)[
1
4
n2Kn
2
J sinh
2χ
µ2
η2
]
, (34a)
Υ = 2 ln 2+lnn2K+2 ln(1+e
χ)+χ− 1
χ
(
Li2 e
χ−Li2 e−χ
)
. (34b)
If |nK | 6= |nJ |, only Υ is affected and will be a bit more involving.
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